We consider a random Gaussian ensemble of Laplace eigenfunctions on the 3D torus, and investigate the 1-dimensional Hausdorff measure ('length') of nodal intersections against a smooth 2-dimensional toral sub-manifold ('surface'). The expected length is universally proportional to the area of the reference surface, times the wavenumber, independent of the geometry.
Introduction

Nodal sets for eigenfunctions of the Helmholtz equation
Let ∆ M be the Laplace-Beltrami operator, or for short Laplacian, on a smooth manifold M of dimension d. With motivation coming from physics and PDEs, one is interested in eigenfunctions G of the Helmholtz equation
with eigenvalue (or 'energy' in the physics terminology) E > 0, in the high energy limit E → ∞.
Of particular importance is the nodal set (zero-locus) of G,
A G := {x ∈ M : G(x) = 0}.
(1.1)
Its study dates back to Hooke's and Chladni's pioneering work (17th-18th century). There is a wide range of scientific applications including telecommunications [24] , oceanography [19, 1] , and photography [29] . It is known that A G is a smooth sub-manifold of dimension d − 1 except for a set of lower dimension [9, Theorem 2.2]. For d = 2, we call A G nodal line, and for d = 3, we call it nodal surface.
Our setting is the three-dimensional standard flat torus M = T 3 = R 3 /Z 3 . Here the Laplace eigenvalues 'energy levels', are of the form 4π 2 m, m ∈ S 3 , where The frequencies Λ m = {λ ∈ Z 3 : λ 2 = m} (1.2) are the lattice points on √ mS 2 , the sphere of radius √ m. The (complexvalued) Laplace eigenfunctions may be written as [3] G(x) = G m (x) = λ∈Λ c λ e 2πi λ,x , x ∈ T 3 , (
with c λ Fourier coefficients. The eigenspace dimension is the lattice point number, i.e., the number of ways to express m as a sum of three integer squares N := |Λ| = r 3 (m).
( 1.4) In what follows we will always make the (natural) assumption m ≡ 0, 4, 7 (mod 8), implying (
for all ǫ > 0 [6, §1] and in particular N → ∞. This assumption is natural in the sense that if m ≡ 7 (mod 8) then m ∈ S 3 , while multiplying m by 4 just rescales the frequency set [28, §1.3] . Further details on the structure of Λ m may be found in section 3.
Nodal intersections
One insightful approach to the study of the nodal set is given by its restriction to a fixed sub-manifold in the ambient M, the so-called nodal intersections. The recent papers [30, 8, 14] analyse nodal intersections on 'generic' surfaces (i.e. d = 2) against a curve. Unless the curve is contained in the nodal line, the intersection is a set of points. It is expected that in many situations, the nodal intersections number obeys the bound ≪ √ E, where E > 0 is the eigenvalue.
The nodal set of G m (1.3) is a nodal surface on T 3 . We consider the restriction of G m to a fixed smooth 2-dimensional sub-manifold Π ⊂ T 3 , and specifically the nodal intersection length
where h 1 is 1-dimensional Hausdorff measure, in the high energy limit m → ∞. Bourgain and Rudnick found that, for Π real-analytic, with nowhere zero Gauss-Kronecker curvature, there exists m Π such that for every m ≥ m Π , the surface Π is not contained in the nodal set of any eigenfunction G m [3, Theorem 1.2]. Moreover, one has the upper bound
for some constant C Π [4, Theorem 1.1], and for every eigenfunction G m the nodal intersection is non-empty [4, Theorem 1.3].
The arithmetic waves
The eigenvalue multiplicities allow us to randomise our setting as follows. We will be working with an ensemble of random Gaussian Laplace toral eigenfunctions ('arithmetic waves' for short [23, 26, 18] )
of eigenvalue 4π 2 m, where a λ are complex standard Gaussian random variables 1 (i.e., one has E[a λ ] = 0 and E[|a λ | 2 ] = 1), independent save for the relations a −λ = a λ (so that F (x) is real valued). The total area of the nodal surface of F was studied in [2, 7] . The arithmetic wave (1.7) may be analogously defined on the d-dimensional torus R d /Z d . Several recent papers investigate the nodal volume [26, 18] and nodal intersections of arithmetic waves against a fixed curve [27, 21, 25, 28, 20].
Restriction to a surface of nowhere vanishing GaussKronecker curvature
In [22] we considered the nodal intersection length, i.e. the random variable
where Π is a smooth 2-dimensional sub-manifold of T 3 , possibly with boundary, admitting a smooth normal vector locally. The expected intersection length is E[L] = √ mAπ/ √ 3, where A is the total area of Π [22, Proposition 1.2]. This expectation is independent of the geometry, and is consistent with (1.6).
The main result of [22] is the precise asymptotic of the nodal intersection length variance, against surfaces of nowhere vanishing Gauss-Kronecker curvature [22 
(1.9)
where
and − → n (p) is the unit normal vector to Π at the point p.
In this paper, we consider the other extreme of the nowhere vanishing curvature scenario, namely, the case where Π is contained in a plane. The above result for the expected intersection length is valid in this case also. The integral I satisfies the sharp bounds [22, Proposition 1.4]
so that the leading coefficient of (1.9) is always non-negative and bounded, though it may vanish, for instance when Π is a sphere or a hemisphere 2 : in this case the variance is of lower order than m/N . This behaviour is similar to the two-dimensional case [27, 25] . The theoretical maximum of the variance asymptotic is achieved in the case of intersection with a surface contained in a plane. Although this case is excluded by the assumptions of (1.9), it is natural to conjecture Var(L) ∼ A 2 m/N · π 2 /30 for Π confined to a plane.
Main results
Let Π be a smooth 2-dimensional sub-manifold of T 3 contained in a plane. We denote − → n the unit normal vector to this plane. We distinguish between vectors/planes of the following three types, possibly after relabelling the coordinates and assuming w.l.o.g. that n 1 = 0: n 2 /n 1 ∈ Q and n 3 /n 1 ∈ Q; (i)
Vectors/planes of type (i) will also be called 'rational', and the remaining types 'irrational'. This terminology is borrowed from [20] . As in [4, §2.3] we will denote κ(R) the maximal number of lattice points in the intersection of RS 2 and any plane. The upper bound
is due to Jarnik [17] , [4, (2.6) ].
Theorem 1.1. Let Π be a smooth 2-dimensional sub-manifold of T 3 contained in a plane.
(1) If the plane is rational, then the nodal intersection length variance satisfies the bound
(2) Moreover, for irrational planes we have
for any positive ǫ where we may take:
(A) a = 3/7 for planes of type (ii);
(B) a = 3/4 for planes of type (iii). Theorem 1.1 will be proven in section 4. Taking into account (1.10), the bound (1.11) is just ǫ's off from the conjectured order m/N . Similarly to [27, 28, 22] , the above results on expectation and variance have the following consequence. Theorem 1.2. Let Π be a smooth 2-dimensional sub-manifold of T 3 contained in a plane, of total area A. Then the nodal intersection length L satisfies, for all ǫ > 0, 
We have the following conditional improvement for planes of type (iii).
Theorem 1.4. Let Π be a smooth 2-dimensional sub-manifold of T 3 contained in a plane. Assuming Conjecture 1.3, we have for every ǫ > 0
Theorem 1.4 will be proven in section 4.
Outline of proofs and plan of the paper
The arithmetic random wave F (1.7) is a random field. For a smooth random field
V the Hausdorff measure of its nodal set. For instance when d = 3 and d ′ = 1 then V is the nodal area. Only the case d ≥ d ′ is interesting, since otherwise the zero set of P is a.s. 3 empty. Under appropriate assumptions, the moments of V may be computed via Kac-Rice formulas [1, Theorems 6.8 and 6.9]. These formulas, however, do not apply to our situation [22, Example 1.6] (except in the very special case of the plane containing Π being parallel to one of the coordinate planes). To resolve this issue, in [22] we derived Kac-Rice formulas for a random field defined on a surface, and thus computed E [L] .
Via an approximate Kac-Rice formula [22, Proposition 1.7], for surfaces of nowhere vanishing Gauss-Kronecker curvature, the problem of computing the nodal intersection length variance (1.9) was reduced to estimating the second moment of the covariance function
and of its various first and second order derivatives. The error term in (1.9) comes from bounding the fourth moment of r and of its derivatives. For Π confined to a plane, we wish to prove the upper bounds in Theorem 1.1. An approximate Kac-Rice bound will then suffice, similarly to [21, 28, 20] . Proposition 1.5 (Approximate Kac-Rice bound). Let Π be a smooth 2-dimensional sub-manifold of T 3 contained in a plane. Then we have
, Ω are appropriate vectors and matrices, depending on r(p, p ′ ), its derivatives, and Π 4 . Proposition 1.5 will be proven in section 2. The problem of bounding the variance of L is thus reduced to estimating the second moment of the covariance function r and its various first and second order derivatives. This, in turn, requires estimates for the number of lattice points in specific regions of the sphere √ mS 2 , covered in section 3.2.
There are marked differences compared to the case of generic surfaces: first, if Π is contained in a plane of unit normal − → n = (n 1 , n 2 , n 3 ), it admits everywhere the parametrisation
where P ∈ Π and { − → n , ξ, η} is an orthonormal basis of R 3 [11, §2.5, Example 1]. Then the covariance function (1.14) has the special form
This behaviour is very different from the case of generic surfaces. In particular it eventually leads to a different method from [22] of controlling the second moment, and specifically the off-diagonal terms. Indeed, in our previous paper, the off-diagonal terms are handled via a generalisation of Van der Corput's lemma to higher dimensions [22, Proposition 5.4], applicable for surfaces Π of nowhere vanishing Gauss-Kronecker curvature. On the other hand if Π is confined to a plane, the special form (1.17) of the covariance function allows us to establish the estimates (4.6) directly, leading to a different arithmetic problem from the generic surfaces case.
Similarly to [21, 20] (nodal intersections against a straight line in two and three dimensions), in the linear case the variance upper bounds depend on the arithmetic properties of the line/plane. In Theorem 1.1, the upper bound is stronger in the case of rational planes, and the bound for planes of type (ii) is stronger than for those of type (iii), again similar to [21, 20] . This situation occurs because the bounds rely on estimates for lattice points in specific regions of the sphere: when
are irrational numbers, the lattice point estimates are derived using simultaneous Diophantine approximation, so that the bound for the variance is stronger when the number of irrationals to approximate is smaller [20, §8].
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Setup
We fix a smooth 2-dimensional sub-manifold Π of T 3 confined to a plane, denoting the unit normal − → n = (n 1 , n 2 , n 3 ). Then w.l.o.g. Π admits everywhere the parametrisation (cf. (1.16))
where { − → n , ξ, η} is an orthonormal basis of R 3 ,
A := max{u : uξ + vη ∈ Π}, and B := max{v :
Later we will choose (assuming w.l.o.g that n 1 = 0)
We now introduce some necessary notation for the derivatives of the covariance function r (1.17). 
and the Hessian matrix H := Hess(r),
We also introduce the matrix
Proof of Proposition 1.5
We bring some modifications to the proof of Proposition [22, Proposition 1.7] . With the notation of the parametrisation (2.1), consider the rectangle U of vertices the origin, Aξ, Bη, and Aξ + Bη. We partition it (with boundary overlaps) into small squares U j of side length δ ≍ 1/ √ m. 6 Writing
recalling the notations A F (1.1) for the nodal set and h 1 for Hausdorff measure. Then for (1.8) one has a.s.
6 To be precise, we need δ √ 2 < c0/ 4πm/3, with c0 as in [22, Lemma 3.8] .
The set Π 2 is thus partitioned (with boundary overlaps) into regions
We separate the summation (2.4) over singular and non-singular regions:
via (2.5).
For non-singular regions, Kac-Rice formulae yield (see [22, (3.19) , §5.2,
with D, H, Ω as in Definition 2.1. We substitute (2.8) and (2.7) into (2.6), and extend the domain of integration to the whole of Π 2 via another application of (2.5). The proof of Proposition 1.5 is thus complete.
3 Lattice points on spheres
Background
To estimate the second moment of the covariance function r and of its derivatives (the RHS of (1.15)), we will need several considerations on lattice points on spheres √ mS 2 . An integer m is representable as a sum of three squares if and only if it is not of the form 4 l (8k + 7), for k, l non-negative integers [16, 10] . Recall the notation (1.4) N := |Λ| = r 3 (m) for the number of such representations. Under the natural assumption m ≡ 0, 4, 7 (mod 8) one has (1.5) (
Subtle questions about the distribution of Λ/ √ m in the unit sphere as m → ∞ are of independent interest in number theory. The limiting equidistribution of the lattice points was conjectured and proved conditionally by Linnik, and subsequently proven unconditionally [12, 13, 15] . The finer statistics of Λ/ √ m on shrinking sets has been recently investigated by
Bourgain-Rudnick-Sarnak [6, 5] .
There is some δ > 0 so that
Lattice points in spherical caps and segments
In the present subsection, we collect several bounds for lattice points in certain regions of the sphere. For a more detailed account, see e.g. . Given a sphere S in R 3 with centre O and radius R, and a point P ∈ S, we define the spherical cap T to be the intersection of S with the ball B s (P ) of radius s centred at P . We will call s the radius of the cap, and the unit vector α := − − → OP /R the direction of T .
The intersection of S with the boundary of B s (P ) is a circle, called the base of T , and the radius of the base will be denoted k. Let Q, Q ′ be two points on the base which are diametrically opposite (note P Q = P Q ′ = s): we define the opening angle of T to be θ = QOQ ′ . The height h of T is the distance between the point P and the disc base.
We will be considering the sphere of radius
If s, h, k and θ denote the radius, height, radius of the base, and opening angle of T respectively, then geometric considerations give us the relations 0 ≤ s ≤ 2R, 0 ≤ h ≤ 2R, 0 ≤ k ≤ R, 0 ≤ θ ≤ π, and
Let us introduce the notation
for the maximal number of lattice points contained in any spherical cap T ⊂ RS 2 of radius s.
Lemma 3.3 (Bourgain and Rudnick [4, Lemma 2.1]).
We have for all ǫ > 0,
as R → ∞.
Compare Lemma 3.3 with Conjecture 1.3. We now introduce another particular region of the sphere, the segment (sometimes called 'slab' or 'annulus').
Definition 3.4. Given a sphere S in R 3 with centre O and radius R, and two parallel planes Π 1 , Π 2 , we call spherical segment Γ the region of the sphere delimited by Π 1 , Π 2 . The two bases of Γ are the circles S ∩ Π 1 and S ∩ Π 2 : we always assume the latter to be the larger. We define the height h of the spherical segment to be the distance between Π 1 and Π 2 . We will denote k the radius of the larger base.
Moreover, let C be a great circle of the sphere S, lying on a plane perpendicular to Π 1 and Π 2 . Denote {A, B} := S∩Π 1 ∩C and {C, D} := S∩Π 2 ∩C. We define the opening angle of S to be θ = AOC + BOD = 2 · AOC. The direction of the spherical segment is the unit vector α that is the direction of the two spherical caps T 1 , T 2 satisfying S = T 2 \ T 1 .
A cap is thus a special case of a segment. It will be convenient to always assume a spherical segment Γ to be contained in a hemisphere, so that any two of h, k, θ completely determine Γ. We always have 0 ≤ h ≤ R, 0 ≤ k ≤ R, 0 ≤ θ ≤ π and the relation [20, Lemma 5.3 ]
as R → ∞. Next, we state two lemmas of [20] which will be needed later.
Lemma 3.5 ([20, Lemma 9.1]). Given 0 < c < R, fix a point P ∈ RS 2 , and let α be a unit vector. Then all points P ′ ∈ RS 2 satisfying | P − P ′ , α | ≤ c lie on the same spherical segment, of height (at most) 2c and direction α on RS 2 . Fix a point P ∈ RS 2 , and let α be a unit vector. Then all points P ′ ∈ RS 2 satisfying | P − P ′ , α | ≤ c|P − P ′ | lie: either on the same spherical segment, of opening angle 8c + O(c 3 ) and direction α; or on the same spherical cap, of radius ≪ cR and direction α, on RS 2 .
In [20] we found several upper bounds for the maximal number of lattice points belonging to a spherical segment Γ of the sphere RS 2 ,
with h, k, θ as in Definition 3.4. Here we collect some of these bounds for convenience. Recall that κ denotes the maximal number of spherical lattice points in a plane, and the types (i), (ii), (iii) of vectors/planes defined in section 1.5.
Proposition 3.7. Let Γ ⊂ RS 2 be a spherical segment of opening angle θ, height h, radius of larger base k, and direction α. Then the number of lattice points lying on Γ satisfies for every ǫ > 0:
Proof. The bound (3.5) was proven in [20, Proposition 6.3] (also see Yesha [31, Lemma A.1] ). We now show that (3.6) follows directly from [20] . Applying [20, Proposition 5.4] with Ω = R 1/4 ,
so that, by Lemma 3.3,
Since 0 ≤ k ≤ R, 0 ≤ θ ≤ π and kθ ≪ h (3.3), we obtain (3.6). The bounds (3.7) and (3. 4 Proofs of Theorems 1.1 and 1.4
The bounds for the variance
In this section, we prove Theorem 1.1. We commence by further reducing our problem of bounding the variance to estimating a summation over the lattice points on the sphere. Recall the notations Λ of the frequency set (1.2), A, B ∈ R + (2.2), and vectors/matrices D, H, Ω (Definition 2.1).
Lemma 4.1. Let Π be a 2-dimensional toral sub-manifold confined to a plane. Then
The proof of Lemma 4.1 is relegated to appendix A. Assuming it, we deduce the following bound for the nodal intersection length variance.
Proof. One substitutes the estimate (4.1) into the approximate Kac-Rice bound (1.15).
In the following two lemmas we bound G, thereby completing the proof of Theorem 1.1. Recall that we distinguish between planes of three types, according to the unit normal − → n satisfying: n 2 /n 1 ∈ Q and n 3 /n 1 ∈ Q; (i) n 2 /n 1 ∈ Q and n 3 /n 1 ∈ R \ Q; (ii)
Recall further that κ denotes the maximal number of spherical lattice points lying on a plane.
Lemma 4.3. Let Π be a 2-dimensional toral sub-manifold confined to a rational plane. Then we have 
Rational planes
In this subsection we prove Lemma 4.3. We will need a preparatory result, the proof of which will follow in appendix A.
Proof of Lemma 4.3 assuming Lemma 4.5. We split the summation
over the set of pairs (λ, λ ′ ) s.t. λ−λ ′ , ξ · λ−λ ′ , η = 0 and its complement. Thanks to the bounds (4.6) of Lemma 4.5,
(4.7)
We claim that there are few pairs (λ, λ ′ ) satisfying λ−λ ′ , ξ = 0. Indeed, once we fix λ, the lattice point λ ′ is confined to the plane 8) where l := λ, ξ ∈ R. By definition of κ, there are at most κ( √ m) solutions (x, y, z) ∈ Λ to (4.8). Therefore,
(4.9) Similarly, there are few pairs (λ, λ ′ ) such that λ − λ ′ , η = 0.
We turn to bounding the summation in (4.7). By assumption, − → n is of type (i). Taking ξ, η as in (2.3), then ξ, η are also of type (i), hence we may write ξ = cξ and η = c ′η , whereξ,η ∈ Z 3 and c, c ′ are real numbers. Therefore,
For fixed a, b, the lattice point λ ′ is confined to the intersection of the two planes ξ , λ ′ = a and η, λ ′ = b.
Sinceξ ⊥η, these two planes intersect in a line, hence the number of solutions λ ′ ∈ Λ cannot exceed two. It follows that
(4.10)
Substituting (4.9) and (4.10) into (4.7) yields (4.4).
Irrational planes
In the present subsection we prove Lemma 4.4 parts (A) and (B), using the bounds for lattice points in spherical caps and segments of section 3.2. We introduce the parameters c = c(N ), ρ = ρ(N ) > 0 and consider the three regimes
We apply the bounds (4.6) of Lemma 4.5 to obtain First regime. Once we fix λ, the lattice points λ ′ satisfying
lie on a spherical segment Γ λ of height at most 2c and direction ξ (see Lemma 3.5). As ξ is of type (i), we may apply (3.5):
Second regime. Once we fix λ, the lattice points λ ′ satisfying
lie on a spherical segment Γ λ of opening angle 8ρ+O(ρ 3 ) and direction η, or on a spherical cap T λ of radius ≪ ρR and direction η, on RS 2 (see Lemma 3.6). Later we are going to choose ρ = N −8/7 , thus the number of lattice points in T λ of radius ρR = o(1) is ≪ R ǫ . To control the lattice points in each Γ λ , as η is of type (ii), we may apply (3.7):
Third regime. Here we have
via an application of Proposition 3.1. Collecting the estimates (4.12), (4.13), (4.14), and (4.11) we obtain
The optimal choice of parameters (c, ρ) = (N 3/7 , N −8/7 ) yields (4.5) with a = 3/7.
(B) In case − → n is of type (iii), then ξ is of type (ii) and η of type (iii). After a relabelling 7 , ξ is of type (iii) and η of type (ii). We modify the proof of part (A) in the following way. In the first regime, by Lemma 3.5 and (3.6),
In the second regime, the lattice points in the cap T λ of radius ≪ ρR have the upper bound R ǫ (1 + ρ 2 R 3/2 ) (Lemma 3.3), while those in each segment Γ λ are no more than R ǫ (1 + Rρ 1/2 ) (3.7). It follows that
Choosing e.g. (c, ρ) = (N 1/14 , N −6/7 ), we have obtained the bound
proving Lemma 4.4 part (B).
Conditional result
It remains to show Lemma 4.4 part (C). Assuming Conjecture 1.3, one may improve the bound (3.6) for lattice points in spherical segments of given height and larger base radius. 
We introduce the parameters c = c(N ), c ′ = c ′ (N ) > 0 and consider the three regimes
We apply the bounds (4.6) of Lemma 4.5 to obtain 
A Proofs of auxiliary results
In this appendix, we prove a couple of auxiliary lemmas.
Proof of Lemma 4.1. We follow [21, §3 and §6] and [20, §3] . Squaring r we obtain r 2 ((u, v), ( 
To complete the proof of (4.1), by the symmetries it will suffice to show that where in the first inequality we isolated the diagonal terms and in the second we applied Cauchy-Schwartz. The calculation for the second derivatives is very similar and we omit it here.
Proof of Lemma 4.5. The first upper bound in (4.6) is a straightforward application of the triangle inequality. To show the second bound in (4.6), we integrate and apply the triangle inequality, 
